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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF LARGE
AXISYMMETRIC SOLUTIONS FOR STEADY NAVIER-STOKES
SYSTEM IN A PIPE
YUN WANG AND CHUNJING XIE
Abstract. In this paper, the existence and uniqueness of strong axisymmetric solutions
with large flux for the steady Navier-Stokes system in a pipe are established even when
the external force is also suitably large in L2. Furthermore, the exponential convergence
rate at far fields for the arbitrary steady solutions with finite H2 distance to the Hagen-
Poiseuille flows is established as long as the external forces converge exponentially at far
fields. The key point to get the existence of these large solutions is the refined estimate for
the derivatives in the axial direction of the stream function and the swirl velocity, which
exploits the good effect of the convection term. An important observation for the asymptotic
behavior of general solutions is that the solutions are actually small at far fields when they
have finite H2 distance to the Hagen-Poiseuille flows. This makes the estimate for the
linearized problem play a crucial role in studying the convergence of general solutions at far
fields.
1. Introduction and Main Results
An important physical problem in fluid mechanics is to study the flows in nozzles. Given
an infinitely long nozzle Ω˜, a natural problem is to investigate the well-posedness theory for
the steady Navier-Stokes system
(1)
{
(u · ∇)u−∆u+∇p = 0, in Ω˜
div u = 0, in Ω˜,
supplemented with the no slip conditions, i.e.,
(2) u = 0 on ∂Ω˜,
where u = (ux, uy, uz) denotes the velocity field of the flows. If Ω˜ is a straight cylinder of
the form Σ × R where Σ is a smooth two dimensional domain, then there exists a solution
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u = (0, 0, uz(x, y)) satisfying (1) and (2). The solution is called the Poiseuille flow and is
uniquely determined by the flow flux Φ defined by
(3) Φ =
∫
Σ
uz(x, y) dS.
In particular, if the straight cylinder is a pipe, i.e., Σ is the unit disk B1(0), then the
associated Poiseuille flows U¯ = U¯(r)ez have the explicit form as follows,
(4) U¯(r) =
2Φ
π
(1− r2) with r =
√
x2 + y2,
which are also called Hagen-Poiseuille flows.
Given an infinitely long nozzle Ω˜ tending to a straight cylinder Ω at far fields, the problem
on the well-posedness theory for (1)-(2) together with the condition that the velocity field
converges to the Posieuille flows in Ω, is called Leray’s problem nowadays and it was first
addressed by Leray ( [14]) in 1933. The first significant contribution to the solvability of
Leray’s problem is due to Amick [3,4], who reduced the proof of existence to the resolution of
a well-known variational problem related to the stability of the Poiseuille flow in a straight
cylinder. However, Amick left out the investigation of uniqueness and existence of the
solutions with large flux. A rich and detailed analysis of the problem is due to Ladyzhenskaya
and Solonnikov [13]. However, the asymptotic far field behavior of the solutions obtained
in [13] is not very clear. Therefore, in order to get a complete resolution for Leray’s problem,
the key issue is to study the asymptotic behavior for the solutions of the steady Navier-
Stokes equations in infinitely long nozzles. The asymptotic behavior for steady Navier-
Stokes system in a nozzle was studied extensively in the literature, see [2, 10, 11, 13, 21] and
references therein. A classical and straightforward way to prove the asymptotic behavior for
steady solutions of Navier-Stokes system is to derive a differential inequality for the localized
energy [10]. This approach was later refined in [2, 11, 13, 21] and the book by Galdi [6], etc.
The asymptotic behavior obtained via this method is also only for the solutions of steady
Navier-Stokes system with small fluxes. A significant open problem posed in [6, p. 19] is the
global well-posedness for Leray’s problem in a general nozzle when the flux Φ is large.
Another approach to prove the convergence to Poiseuille flows of steady solutions for
Navier-Stokes system is the blowup technique. In fact, with the aid of the compactness
obtained in [13], global well-posedness for the Leray’s problem in a general nozzle tending to
a straight cylinder could be established even when the flux Φ is large, provided that we can
prove global uniqueness or some Liouville type theorem for Poiseuille flows in the straight
cylinder. In order to study the global uniqueness of Poiseuille flows in a straight cylinder, an
important step is to prove the uniqueness in a bounded set in a suitable metric space. The
uniqueness of Hagen-Poiseuille flows in a uniformly small neighborhood (independent of the
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size of the flux) was obtained in [24]. More precisely, suppose that Ω = B1(0)× R is a pipe
and F = (F x, F y, F z) is external force, does the problem
(5)
{
(u · ∇)u−∆u +∇p = F , in Ω,
div u = 0, in Ω,
supplemented with no-slip boundary condition
(6) u = 0 on ∂Ω
and the flux constraint
(7)
∫
B1(0)
uz(x, y, z) dxdy = Φ
have a unique solution in the neighborhood of the Hagen-Poiseuille flows when the external
force is small? The uniform nonlinear structural stability of Hagen-Poiseuille flows was
established in [24] in the axisymmetric setting. It was proved in [24] that the problem
(5)-(7) has a unique axisymmetric solution u satisfying
(8) ‖u− U¯‖
H
5
3 (Ω)
≤ C‖F ‖L2(Ω)
and
(9) ‖u− U¯‖H2(Ω) ≤ C(1 + Φ
1
4 )‖F ‖L2(Ω).
when the L2−norm of F is smaller than a uniform constant independent of the flux Φ.
The main goal of this paper contains two parts. The first one is to show the existence
and uniqueness of strong solutions for the problem (5)-(7), when F is large in the case
that the flux is large. The second goal in this paper is to investigate the convergence rate
of steady solutions of Navier-Stokes system in a pipe which have finite H2 distance to the
Hagen-Poiseuille flows, even when the flows have large fluxes.
Our first main result is stated as follows.
Theorem 1.1. Assume that F ∈ L2(Ω) and F = F (r, z) is axisymmetric. There exists a
constant Φ0 ≥ 1, such that if
(10) Φ ≥ Φ0 and ‖F ‖L2(Ω) ≤ Φ
1
96 ,
then the problem (5)–(7) admits a unique axisymmetric solution u satisfying
(11) ‖u− U¯‖
H
19
12 (Ω)
≤ C0Φ
1
96 and ‖ur‖L2(Ω) ≤ Φ
− 15
32 ,
where C0 is a constant independent of Φ and F . Moreover, the solution u satisfies that
(12) ‖u− U¯‖H2(Ω) ≤ CΦ
7
24 .
4 YUN WANG AND CHUNJING XIE
We have the following remarks on Theorem 1.1.
Remark 1.1. The crucial point of Theorem 1.1 is that the external force F can be very large
when the flux of the flow is large.
Remark 1.2. If Φ is sufficiently large, F = 0 and ‖u − U¯‖
H
19
12 (Ω)
≤ Φ
1
96 , then u ≡ U¯ .
It means that U¯ is the unique solution in a bounded set with large radius Φ
1
96 . This can be
regarded as a step to get Liouville type theorem for steady Navier-Stokes system in a pipe.
In case that F has additional structure at far fields, we have the following asymptotic
behavior of solutions of Navier-Stokes system in a pipe.
Theorem 1.2. Assume that F ∈ H1(Ω) and F = F (r, z) is axisymmetric. There exists a
constant α0 depending only on Φ, such that if F = F (r, z) satisfies
(13) ‖eα|z|F ‖L2(Ω) < +∞,
with some α ∈ (0, α0), and u is an axisymmetric solution to the problem (5)–(7), satisfying
(14) ‖u− U¯‖H2(Ω) < +∞,
then one has
(15) ‖eαz(u− U¯)‖H2(Ω∩{z≥0}) + ‖e
−αz(u− U¯)‖H2(Ω∩{z≤0}) < +∞.
There are a few remarks in order.
Remark 1.3. The key point of Theorem 1.2 is that there is neither smallness assumption
on the flux Φ nor the smallness on the deviation of u with U¯ .
Remark 1.4. It follows from (9) and (12) that the solutions obtained in [24] and Theorem
1.1 satisfy the condition (14). Hence if F in [24] and Theorem 1.1 also satisfies (13), then
the associated solutions must converge to Hagen-Poiseuille flows exponentially fast.
Remark 1.5. If F decays to zero with an algebraic rate, i.e., F satisfies
(16) ‖zkF ‖L2(Ω) < +∞,
with some k ∈ N, then under the condition (14), using the same idea of the proof for Theorem
1.2 yields that the axisymmetric solution u of the problem (5)–(7) converges to the Hagen-
Poiseuille flows with the same algebraic rates, i.e., u satisfies
(17) ‖zk(u− U¯)‖H2(Ω) < +∞.
Remark 1.6. The same asymptotic behavior also holds for the axisymmetric flows in semi-
infinite pipes.
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The structure of this paper is as follows. In Section 2, we introduce the stream function
formulation for the linearized problem of axisymmetric Navier-Stokes system and recall the
existence results obtained in [24]. Some good estimates for the derivatives in the axial
direction of the stream function and the swirl velocity are established in Section 3. These
are the key ingredients to get the existence and uniqueness of large solutions when F is large.
The existence of solutions for the nonlinear problem is obtained via standard iteration in
Section 4 . Section 5 devotes to the study on the convergence rates of the flows at far fields,
where the key observation is that u − U¯ must be small at far fields when the condition
(14) holds so that the estimate for the linearized problem can be used. Some important
inequalities are collected in Appendix A.
2. Stream function formulation and existence results
To get the existence of the Navier-Stokes equations, we start from the following linearized
system around Hagen-Poiseuille flows,
(18)
{
U¯ · ∇v + v · ∇U¯ −∆v +∇P = F , in Ω,
div v = 0, in Ω,
supplemented with no-slip boundary conditions and the flux constraint,
(19) v = 0 on ∂Ω,
∫
B1(0)
vz(·, ·, z) dS = 0 for any z ∈ R.
2.1. Stream function formulation. In terms of the cylindrical coordinates, an axisym-
metric solution v can be written as
v = vr(r, z)er + v
z(r, z)ez + v
θ(r, z)eθ.
Then the linearized equation for the Navier-Stokes system (5) around Hagen-Poiseuille flows
can be written as
(20)

U¯(r)
∂vr
∂z
+
∂P
∂r
−
[
1
r
∂
∂r
(
r
∂vr
∂r
)
+
∂2vr
∂z2
−
vr
r2
]
= F r in D,
vr
∂U¯
∂r
+ U¯(r)
∂vz
∂z
+
∂P
∂z
−
[
1
r
∂
∂r
(
r
∂vz
∂r
)
+
∂2vz
∂z2
]
= F z in D,
∂rv
r + ∂zv
z +
vr
r
= 0 in D
and
(21) U¯(r)∂zv
θ −
[
1
r
∂
∂r
(
r
∂vθ
∂r
)
+
∂2vθ
∂z2
−
vθ
r2
]
= F θ in D.
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Here F r, F z, and F θ are the radial, axial, and azimuthal component of F , respectively, and
D = {(r, z) : r ∈ (0, 1), z ∈ R}. The no-slip boundary conditions and the flux constraint
(19) become
(22) vr(1, z) = vz(1, z) = 0,
∫ 1
0
rvz(r, z) dr = 0,
and
(23) vθ(1, z) = 0.
It follows from the third equation in (20) that there exists a stream function ψ(r, z)
satisfying
(24) vr = ∂zψ and v
z = −
∂r(rψ)
r
.
The azimuthal vorticities of v and F are defined as
ωθ = ∂zv
r − ∂rv
z =
∂
∂r
(
1
r
∂
∂r
(rψ)
)
+ ∂2zψ and f = ∂zF
r − ∂rF
z,
respectively. It follows from the first two equations in (20) that
(25) U¯(r)∂zω
θ −
(
∂2r + ∂
2
z +
1
r
∂r
)
ωθ +
ωθ
r2
= f.
Denote
L =
∂
∂r
(
1
r
∂
∂r
(r·)
)
=
∂2
∂r2
+
1
r
∂
∂r
−
1
r2
.
Hence ωθ = (L+ ∂2z )ψ and ψ satisfies the following fourth order equation,
(26) U¯(r)∂z(L+ ∂
2
z )ψ − (L+ ∂
2
z )
2ψ = f.
Next, we derive the boundary conditions for ψ. As discussed in [15], in order to get
classical solutions, some compatibility conditions at the axis should be imposed. Assume
that v and the vorticity ω are continuous so that vr(0, z) and ωθ(0, z) should vanish. This
implies
∂zψ(0, z) = (L+ ∂
2
z )ψ(0, z) = 0.
Without loss of generality, one can assume that ψ(0, z) = 0. Hence, the following compati-
bility condition holds at the axis,
(27) ψ(0, z) = Lψ(0, z) = 0.
On the other hand, it follows from (22) that∫ 1
0
∂r(rψ)(r, z) dr = −
∫ 1
0
rvz dr = 0.
EXISTENCE AND ASYMPTOTIC BEHAVIOR OF LARGE AXISYMMETRIC SOLUTIONS 7
This, together with (27), gives
(28) ψ(1, z) = lim
r→0+
(rψ)(r, z) = 0.
Moreover, according to the homogeneous boundary conditions for v, one has
∂
∂r
(rψ)|r=1 = rv
z|r=1 = 0.
This, together with (28), implies
(29)
∂ψ
∂r
(1, z) = 0.
Meanwhile, if v is continuous, then the compatibility conditions for v obtained in [15]
implies vθ(0, z) = 0. Hence vθ satisfies the following problem
(30)
 U¯(r)∂zv
θ −
[
1
r
∂
∂r
(
r
∂vθ
∂r
)
+
∂2vθ
∂z2
−
vθ
r2
]
= F θ in D,
vθ(1, z) = vθ(0, z) = 0.
Now let us introduce some notations and recall the existence results for ψ and vθ obtained
in [24]. For a given function g(r, z), define its Fourier transform with respect to z variable
by
gˆ(r, ξ) =
∫
R1
g(r, z)e−iξzdz.
ℜg and ℑg denote the real and imaginary part of a function or a number g, respectively.
Definition 2.1. Define a function space C∞∗ (D) as follows
C∞∗ (D) =
ϕ(r, z)
∣∣∣∣∣∣∣∣
ϕ ∈ C∞c ([0, 1]× R), ϕ(1, z) =
∂ϕ
∂r
(1, z) = 0,
and lim
r→0+
Lkϕ(r, z) = lim
r→0+
∂
∂r
(rLkϕ)(r, z) = 0, k ∈ N
 .
The H3r (D)-norm and H
4
r (D)-norm are defined as follows,
(31)
‖ϕ‖H3r (D) :=
∫ +∞
−∞
∫ 1
0
[∣∣∣∣ ∂∂r (rLϕˆ)
∣∣∣∣2 1r + ξ2|Lϕˆ|2r + ξ4
∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r + ξ6|ϕˆ|2r
]
dr
+
∫ +∞
−∞
∫ 1
0
[
|Lϕˆ|2r + ξ2
∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r + ξ4|ϕˆ|2r
]
dr
+
∫ +∞
−∞
∫ 1
0
[∣∣∣∣ ∂∂r (rϕˆ)
∣∣∣∣2 1r + ξ2|ϕˆ|2r + |ϕˆ|2r
]
dr.
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H3∗ (D) denotes the closure of C
∞
∗ (D) under the H
3
r (D)-norm. Furthermore, L
2
r(D) is the
completion of C∞(D) under the L2r(D)-norm defined as follows
‖f‖2L2r(D) =
∫ +∞
−∞
∫ 1
0
|f |2r drdz.
The existence of solutions for the problems (26)–(29) and (30) has been established in [24].
Proposition 2.1. [24, Theorem 1.1] Assume that F ∗ = F rer + F
z
ez ∈ L
2(Ω) and F ∗ is
axisymmetric. There exists a unique solution ψ ∈ H3∗ (D) to the linear system (26)–(29),
and a positive constant C1 independent of F
∗ and Φ, such that
‖v∗‖
H
5
3 (Ω)
≤ C1‖F
∗‖L2(Ω),
and
‖v∗‖H2(Ω) ≤ C1(1 + Φ
1
4 )‖F ∗‖L2(Ω),
where v∗ = vrer + v
z
ez = ∂zψer −
∂r(rψ)
r
ez.
Proposition 2.2. [24, Proposition 4.6] Assume that F θ = F θeθ ∈ L
2(Ω) and F θ = F θ(r, z)
is axisymmetric. There exist a unique solution vθ to the linear problem (30) and a positive
constant C2 independent of F
θ and Φ, such that
‖vθ‖H2(Ω) ≤ C2‖F
θ‖L2(Ω),
where vθ = vθeθ.
3. Some Refined estimates for solutions of Linearized problem
Propositions 2.1-2.2 provide some uniform estimates for ψ and vθ. They are the key
ingredients to get the existence and uniqueness of solutions of the steady Navier-Stokes
system, when F is uniformly small [24]. In this section, we give some refined estimates,
especially for the z-derivatives of ψ and vθ, which yield the existence of large solutions of
steady Navier-Stokes system even when the external force is large. These estimates also
show the stabilizing effect of the linearized convection term when Φ is large.
We take the Fourier transform with respect to z for the equation (26) . For every fixed ξ,
ψˆ satisfies
(32) iξU¯(r)(L− ξ2)ψˆ − (L− ξ2)2ψˆ = fˆ = iξF̂ r −
d
dr
F̂ z.
Furthermore, the boundary conditions (27)-(29) can be written as
(33) ψˆ(0) = ψˆ(1) = ψˆ′(1) = Lψˆ(0) = 0.
First, let us recall the a priori estimates obtained in [24] which hold for every ξ ∈ R.
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Proposition 3.1. [24, Section 6] Let ψˆ(r, ξ) be a smooth solution of the problem (32)–(33).
Then it holds
(34)
∫ 1
0
|Lψˆ|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|ψˆ|2r dr ≤ C
∫ 1
0
(|F r|2 + |F z|2)r dr.
The next two propositions give some further estimates for ψ, especially the z-derivatives
of ψ.
Proposition 3.2. Assume that F r = F rer ∈ L
2(Ω), the solution ψ of the problem
(35)

U¯(r)∂z(L+ ∂
2
z )ψ − (L+ ∂
2
z )
2ψ = ∂zF
r,
ψ(0) = ψ(1) =
∂
∂r
ψ(1) = Lψ(0) = 0,
satisfies
‖v∗‖L2(Ω) ≤ CΦ
− 2
3‖F r‖L2(Ω) and ‖v
∗‖
H
19
12 (Ω)
≤ CΦ−
1
30‖F r‖L2(Ω).
Proof. Taking the Fourier transform with respect to z for the system (35) yields that for
every fixed ξ, ψˆ(r, ξ) satisfies
(36) iξU¯(r)(L− ξ2)ψˆ − (L − ξ2)2ψˆ = iξF̂ r.
Multiplying (36) by rψˆ and integrating the resulting equation over [0, 1] give∫ 1
0
iξU¯(r)(L− ξ2)ψˆψˆr dr −
∫ 1
0
(L− ξ2)2ψˆψˆr dr = iξ
∫ 1
0
F̂ rψˆr dr.
It follows from the direct computations and integration by parts that one has
(37) ξ
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr + ξ3 ∫ 1
0
U¯(r)|ψˆ|2r dr = −ℜ
∫ 1
0
ξF̂ rψˆr dr.
This, together with together with Lemma A.2, gives
Φ
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr ≤ C
∫ 1
0
|F̂ r||ψˆ|r dr
≤ C
(∫ 1
0
|F̂ r|2r dr
) 1
2
(∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr
) 1
2
.
Hence, we have
(38)
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr ≤ CΦ−2
∫ 1
0
|F̂ r|2r dr.
10 YUN WANG AND CHUNJING XIE
It follows from A.3, Lemma A.1, and Proposition 3.1 that
(39)
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr ≤ C
(∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr
) 2
3
(∫ 1
0
|Lψˆ|2r dr
) 1
3
≤ CΦ−
4
3
∫ 1
0
|F̂ r|2r dr.
This implies
(40) ‖vz‖2L2(Ω) =
∫ +∞
−∞
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r drdξ ≤ CΦ− 43‖F r‖2L2(Ω).
Similarly, the equality (37), together with Lemma A.2, gives
(41)
Φξ2
∫ 1
0
(1− r2)|ψˆ|2r dr ≤ C
(∫ 1
0
|F̂ r|2r dr
)1
2
(∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr
) 1
2
≤ CΦ−2
∫ 1
0
|F̂ r|2r dr.
It follows from Lemma A.3, Lemma A.1, and Proposition 3.1 again that one has
(42)
ξ2
∫ 1
0
|ψˆ|2r dr ≤ C
(
ξ2
∫ 1
0
(1− r2)|ψˆ|2r dr
) 2
3
(
ξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1r dr
) 1
3
≤ CΦ−
4
3
∫ 1
0
|F̂ r|2r dr.
This implies
(43) ‖vr‖2L2(Ω) =
∫ +∞
−∞
∫ 1
0
ξ2|ψˆ|2r drdξ ≤ CΦ−
4
3‖F r‖2L2(Ω).
By the interpolation between L2(Ω) and H
5
3 (Ω), one has
(44) ‖v∗‖
H
19
12 (Ω)
≤ C‖v∗‖
1
20
L2(Ω)‖v
∗‖
19
20
H
5
3 (Ω)
≤ CΦ−
1
30‖F r‖L2(Ω).
This finishes the proof of Proposition 3.2. 
Next, we study the case when F has only axial component.
Proposition 3.3. Assume that F z = F zez ∈ L
2(Ω), the solution ψ of the following problem
(45)

U¯(r)∂z(L+ ∂
2
z )ψ − (L+ ∂
2
z )
2ψ = −∂rF
z,
ψ(0) = ψ(1) =
∂
∂r
ψ(1) = Lψ(0) = 0,
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satisfies
‖vr‖L2(Ω) ≤ CΦ
− 1
2‖F z‖L2(Ω) and ‖v
r‖
H
19
12 (Ω)
≤ CΦ−
1
40‖F z‖L2(Ω),
where vr = vrer = ∂zψer.
Proof. Taking the Fourier transform with respect to z for the system (45) yields that for
fixed ξ, ψˆ(r, ξ) satisfies
(46) iξU¯(r)(L− ξ2)ψˆ − (L − ξ2)ψˆ = −
d
dr
F̂ z.
Multiplying (46) by rψˆ and integrating the resulting equation over [0, 1] give
(47) ξ
∫ 1
0
U¯(r)
r
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 dr + ξ3 ∫ 1
0
U¯(r)|ψˆ|2r dr = ℑ
∫ 1
0
F̂ z
d
dr
(rψˆ) dr.
This, together with Proposition 3.1, implies
(48) Φξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr ≤ C|ξ|
∫ 1
0
|F̂ z|
∣∣∣∣ ddr (rψˆ)
∣∣∣∣ dr ≤ C ∫ 1
0
|F̂ z|2r dr.
Applying Lemma A.2 yields
(49) ξ2
∫ 1
0
|ψˆ|2r dr ≤ Cξ2
∫ 1
0
∣∣∣∣ ddr (rψˆ)
∣∣∣∣2 1− r2r dr ≤ CΦ−1
∫ 1
0
|F̂ z|2r dr.
Therefore, one has
(50) ‖vr‖L2(Ω) ≤ CΦ
− 1
2‖F z‖L2(Ω).
It follows from the interpolation and Proposition 2.1 that one has
(51) ‖vr‖
H
19
12 (Ω)
≤ CΦ−
1
40‖F z‖L2(Ω).
This finishes the proof of Proposition 3.3. 
Now we are in position to analyze vθ. Taking the Fourier transform with respect to z for
the problem (30) gives
(52)
 iξU¯(r)v̂θ − (L − ξ
2)v̂θ = F̂ θ,
v̂θ(1) = v̂θ(0) = 0.
Let us first recall the uniform estimate for vθ obtained in [24].
Proposition 3.4. [24, Proposition 3.1] Assume that v̂θ is a smooth solution to the problem
(52). For every fixed ξ, it holds that
(53)
∫ 1
0
|Lv̂θ|2r dr + ξ2
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ4
∫ 1
0
|v̂θ|2r dr ≤ C
∫ 1
0
|F̂ θ|2r dr.
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The next two propositions give some further estimates for vθ.
Proposition 3.5. Assume that F θ = F θeθ ∈ L
2(Ω). The solution vθ to the linear problem
(30) satisfies that
‖∂zv
θ‖L2(Ω) ≤ CΦ
− 1
3‖F θ‖L2(Ω).
Proof. Multiplying the equation in (52) by rv̂θ and integrating the resulting equation over
[0, 1] yield
(54)
∫ 1
0
iξU¯(r)|v̂θ|2r dr +
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr =
∫ 1
0
F̂ θv̂θr dr.
It follows from Ho¨lder inequality, Lemma A.1, and (54) that one has
(55)
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr ≤
∫ 1
0
|F̂ θ|2r dr
and
(56) Φ|ξ|
∫ 1
0
(1− r2)|v̂θ|2r dr ≤ C
∫ 1
0
|F̂ θ||v̂θ|r dr.
The equality (56), together with (53), gives
(57)
|ξ|3
∫ 1
0
(1− r2)|v̂θ|2r dr ≤ CΦ−1
(∫ 1
0
|F̂ θ|2r dr
) 1
2
(
ξ4
∫ 1
0
|v̂θ|2r dr
)1
2
≤ CΦ−1
∫ 1
0
|F̂ θ|2r dr.
By Lemma A.3 and (55), one has
(58)
|ξ|2
∫ 1
0
(1− r2)|v̂θ|2r dr ≤ C
(
|ξ|3
∫ 1
0
(1− r2)|v̂θ|2r dr
)2
3
(∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr
) 1
3
≤ CΦ−
2
3
∫ 1
0
|F̂ θ|2r dr.
This implies
(59) ‖∂zv
θ‖L2(Ω) ≤ CΦ
− 1
3‖F θ‖L2(Ω).
Hence the proof of Proposition 3.5 is completed. 
EXISTENCE AND ASYMPTOTIC BEHAVIOR OF LARGE AXISYMMETRIC SOLUTIONS 13
Proposition 3.6. Assume that Gθ = Gθeθ ∈ H
1(Ω). The solution vθ to the following linear
problem
(60)
 U¯(r)∂zv
θ −
[
1
r
∂
∂r
(
r
∂vθ
∂r
)
+
∂2vθ
∂z2
−
vθ
r2
]
= ∂zG
θ in D,
vθ(1, z) = vθ(0, z) = 0,
satisfies
‖vθ‖L2(Ω) ≤ CΦ
− 1
3‖Gθ‖L2(Ω)
and
‖vθ‖
H
19
12 (Ω)
≤ CΦ−
5
72‖∂zG
θ‖
19
24
L2(Ω)‖G
θ‖
5
24
L2(Ω).
Proof. Similar computations as that in the proof of Proposition 3.5 yield
(61)
∫ 1
0
iξU¯(r)|v̂θ|2r dr +
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr = iξ
∫ 1
0
Ĝθv̂θr dr.
It follows from Ho¨lder inequality and Lemma A.1 that one has
(62)
∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr + ξ2
∫ 1
0
|v̂θ|2r dr ≤ C
∫ 1
0
|Ĝθ|2r dr
and
(63) Φ
∫ 1
0
(1− r2)|v̂θ|2r dr ≤ C
∫ 1
0
|Ĝθ|2r dr.
Hence, it holds that
(64)
∫ 1
0
|v̂θ|2r dr ≤ C
(∫ 1
0
(1− r2)|v̂θ|2r dr
) 2
3
(∫ 1
0
∣∣∣∣ ddr (rv̂θ)
∣∣∣∣2 1r dr
) 1
3
≤ CΦ−
2
3
∫ 1
0
|Ĝθ|2r dr.
This implies
(65) ‖vθ‖L2(Ω) ≤ CΦ
− 1
3‖Gθ‖L2(Ω).
By the interpolation and Proposition 2.2, one has
(66) ‖vθ‖
H
19
12 (Ω)
≤ C‖vθ‖
5
24
L2(Ω)‖v
θ‖
19
24
H2(Ω) ≤ CΦ
− 5
72‖Gθ‖
5
24
L2(Ω)‖∂zG
θ‖
19
24
L2(Ω).
Hence the proof of Proposition 3.6 is finished. 
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4. Existence and Uniqueness of solutions for nonlinear problem
In this section, we prove the existence and uniqueness of strong axisymmetric solution of
the nonlinear problem (5)-(7), in particular, when F and Φ are large. The stream function
ψ satisfies the following equation
(67)
U¯(r)∂z(L+ ∂
2
z )ψ − (L+ ∂
2
z )
2ψ
=∂zF
r − ∂rF
z − ∂r(v
rωθ)− ∂z(v
zωθ) + ∂z
[(
vθ
)2
r
]
,
supplemented with the boundary condition,
(68) ψ(0, z) = ψ(1, z) = ∂rψ(1, z) = Lψ(0, z) = 0.
Here ωθ = −∂rv
z + ∂zv
r = (L+ ∂2z )ψ.
The swirl velocity vθ = vθeθ satisfies the equation
(69) U¯(r)∂zv
θ −∆vθ = F θ − (vr∂r + v
z∂z)v
θ −
vr
r
v
θ
supplemented with the homogeneous boundary condition
(70) vθ = 0 on ∂Ω.
Proof of Theorem 1.1. We divide the proof into three steps.
Step 1. Iteration scheme. The existence of solutions is proved via an iteration method.
Let F ∗ = F rer +F
z
ez. For any given F =
(
F
∗,F θ
)
∈ L2(Ω)×L2(Ω), there exists a unique
solution (ψ, vθ) to the combined linear problem (21), (23), and (26)–(29), and we denote
this solution by T F . Let
Ψ0 = T F , Ψn = (ψn, v
θ
n),
and
(71) Ψn+1 = Ψ0 + T (F
∗
n,F
θ
n)
with
(72) F ∗n =
[
−vznω
θ
n +
(vθn)
2
r
]
er + v
r
nω
θ
nez, F
θ
n = −(v
r
n∂r + v
z
n∂z)v
θ
n −
vrn
r
v
θ
n,
where
vri = ∂zψi, v
z
i = −
∂r(rψi)
r
, vθi = v
θ
i · eθ, ω
θ
i = −∂rv
z
i + ∂zv
r
i , i ∈ N.
Set
S =
(ψ, vθ) ∈ H3∗ (D)×H2(Ω)
∣∣∣∣∣∣
‖v∗‖
H
19
12 (Ω)
≤ 2C1Φ
1
96 , ‖vr‖L2(Ω) ≤ Φ
− 15
32
‖vθ‖
H
19
12 (Ω)
≤ 2C2Φ
1
96 , ‖∂zv
θ‖L2(Ω) ≤ Φ
− 5
16
 .
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Here C1 and C2 are the two constants indicated in Propositions 2.1-2.2. Under the assump-
tion that ‖F ‖L2(Ω) ≤ Φ
1
96 , according to Propositions 2.1-2.2, Propositions 3.2-3.5, one has
Ψ0 ∈ S, when Φ is large enough. Assume that Ψn ∈ S, our aim is to prove Ψn+1 ∈ S.
Step 2. Estimate for the velocity field and existence. Denote v∗i = v
r
i er + v
z
i ez. It follows
from Sobolev embedding inequalities that the estimates
(73)
‖vrnω
θ
n‖L2(Ω) ≤ C‖v
r
n‖L12(Ω)‖ω
θ
n‖L 125 (Ω) ≤ C‖v
r
n‖
1
6
L2(Ω)‖v
r
n‖
5
6
L∞(Ω)‖v
∗
n‖H 1912 (Ω)
≤C‖vrn‖
1
6
L2(Ω)‖v
∗
n‖
11
6
H
19
12 (Ω)
≤ CΦ−
15
32
· 1
6Φ
1
96
· 11
6
and
(74) ‖vznω
θ
n‖L2(Ω) ≤ ‖v
z
n‖L∞(Ω)‖ω
θ
n‖L2(Ω) ≤ C‖v
∗
n‖
2
H
19
12 (Ω)
≤ CΦ
1
48
hold. Moreover, one has
(75)
∥∥∥∥vθn vθnr
∥∥∥∥
L2(Ω)
≤ C‖vθn‖L∞(Ω)
∥∥∥∥vθnr
∥∥∥∥
L2(Ω)
≤ C‖vθn‖H
19
12 (Ω)
‖vθn‖H1(Ω) ≤ CΦ
1
48 .
Similarly, using Sobolev embedding inequalities gives
(76)
‖vrn∂rv
θ
n‖L2(Ω) ≤ C‖v
r
n‖L∞(Ω)‖∂rv
θ
n‖L2(Ω) ≤ C‖v
r
n‖
1
19
L2(Ω)‖v
∗‖
18
19
H
19
12 (Ω)
‖vθn‖H1(Ω)
≤CΦ−
15
32
· 1
19Φ
1
96
· 37
19
and
(77) ‖vzn∂zv
θ
n‖L2(Ω) ≤ ‖v
z
n‖L∞(Ω)‖∂zv
θ
n‖L2(Ω) ≤ C‖v
∗
n‖H
19
12 (Ω)
‖∂zv
θ
n‖L2(Ω) ≤ CΦ
1
96Φ−
5
16 .
Furthermore, it holds that
(78)
∥∥∥∥vrnvθnr
∥∥∥∥
L2(Ω)
≤ C‖vrn‖L∞(Ω)
∥∥∥∥vθnr
∥∥∥∥
L2(Ω)
≤ CΦ−
15
32
· 1
19Φ
1
96
· 37
19 .
Combining the estimates (73)–(78) and applying Propositions 2.1-2.2, 3.2 yield
(79) ‖v∗n+1‖H
19
12 (Ω)
≤ C1Φ
1
96 + C3
(
Φ−
15
32
· 1
6Φ
1
96
· 11
6 + Φ−
1
30Φ
1
48
)
and
(80) ‖vθn+1‖H
19
12 (Ω)
≤ C2Φ
1
96 + C4
(
Φ−
15
32
· 1
19Φ
1
96
· 37
19 + Φ
1
96Φ−
5
16
)
.
Moreover, it follows from Propositions 3.2–3.5 that one has
(81) ‖vrn+1‖L2(Ω) ≤ C5max
{
Φ−
1
2 , Φ−
2
3
}(
Φ
1
96 + Φ−
15
32
· 1
6Φ
1
96
· 11
6 + Φ−
1
30Φ
1
48
)
and
(82) ‖∂zv
θ
n+1‖L2(Ω) ≤ C6Φ
− 1
3
(
Φ
1
96 + Φ−
15
32
· 1
19Φ
1
96
· 37
19 + Φ
1
96Φ−
5
16
)
.
16 YUN WANG AND CHUNJING XIE
Choose a constant Φ0 large enough such that
C3
(
Φ
− 15
32
· 1
6
0 Φ
1
96
· 11
6
0 + Φ
− 1
30
0 Φ
1
48
0
)
< C1Φ
1
96
0 , C4
(
Φ
− 15
32
· 1
19
0 Φ
1
96
· 37
19
0 + Φ
1
96
0 Φ
− 5
16
0
)
< C2Φ
1
96
0 ,
and
C5Φ
− 1
2
0
(
Φ
1
96
0 + Φ
− 15
32
· 1
6
0 Φ
1
96
· 11
6
0 + Φ
− 1
30
0 Φ
1
48
0
)
< Φ
− 15
32
0 ,
C6Φ
− 1
3
0
(
Φ
1
96
0 + Φ
− 15
32
· 1
19
0 Φ
1
96
· 37
19
0 + Φ
1
96
0 Φ
− 5
16
0
)
< Φ
− 5
16
0 .
When Φ ≥ Φ0, the estimates (79)–(82) imply that (ψn+1, v
θ
n+1) ∈ S. By mathematical
induction, Ψn ∈ S for every n ∈ N. Note that vn = v
∗
n+v
θ
n. The above estimates show that
(83) ‖vn‖
H
19
12 (Ω)
≤ C0Φ
1
96 for every n ∈ N.
Since {vn} is uniformly bounded inH
19
12 (Ω), there exists a vector-valued function v ∈ H
19
12 (Ω)
such that vn ⇀ v in H
19
12 (Ω) and
‖v‖H2(Ω) ≤ C0Φ
1
96 .
Meanwhile, as proved in [24], the equation (71) implies that
(84) curl
(
(U¯ · ∇)vn+1 + (vn+1 · ∇)U¯ −∆vn+1 + (vn · ∇)vn − F
)
= 0.
Taking the limit of the equation (84) yields
(85) curl
(
(U¯ · ∇)v + (v · ∇)U¯ −∆v + (v · ∇)v − F
)
= 0.
Hence, there exists a function P with ∇P ∈ L2(Ω), satisfying
(86) (U¯ · ∇)v + (v · ∇)U¯ −∆v + (v · ∇)v +∇P = F .
Moreover, according to the regularity estimates in Propositions 2.1-(2.2), it holds that
(87)
‖v‖H2(Ω) ≤ C(1 + Φ
1
4 )‖F ‖L2(Ω) + C(1 + Φ
1
4 )‖(v · ∇)v‖L2(Ω)
≤CΦ
1
4Φ
1
96 + CΦ
1
4‖v‖2
H
19
12 (Ω)
≤ CΦ
7
24 .
Let u = v + U¯ . Then u is a solution of the problem (5)-(7).
Step 3. Uniqueness. Suppose there are two axisymmetric solutions u and u˜ of the problem
(5)–(7), satisfying
(88) ‖u− U¯‖
H
19
12 (Ω)
≤ C0Φ
1
96 , ‖u˜− U¯‖
H
19
12 (Ω)
≤ C0Φ
1
96 ,
and
(89) ‖u˜r‖L2(Ω) ≤ Φ
− 15
32 .
Let
v = u− U¯ = vrer + v
θ
eθ + v
z
ez, v˜ = u˜− U¯ = v˜
r
er + v˜
θ
eθ + v˜
z
ez.
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Suppose that ψ and ψ˜ are the stream functions associated with the vector fields v and v˜,
respectively. Then ψ − ψ˜ satisfies the following equation,
U¯(r)∂z(L+ ∂
2
z )(ψ − ψ˜)− (L+ ∂
2
z )
2(ψ − ψ˜)
=− ∂r(v
rωθ − v˜rω˜θ)− ∂z(v
zωθ − v˜zω˜θ) + 2∂z
(
vθ
r
vθ −
v˜θ
r
v˜θ
)
.
It follows from Sobolev’s embedding inequalities that one has
(90)
‖vrωθ − v˜rω˜θ‖L2(Ω) ≤ ‖v
r − v˜r‖L6(Ω)‖ω
θ‖L3(Ω) + ‖v˜
r‖L6(Ω)‖ω
θ − ω˜θ‖L3(Ω)
≤C‖vr − v˜r‖
H
19
12 (Ω)
‖v∗‖
H
19
12 (Ω)
+ C‖v˜r‖
1
3
L2(Ω)‖v˜
r‖
2
3
H
19
12 (Ω)
‖v∗ − v˜∗‖
H
19
12 (Ω)
≤C‖vr − v˜r‖
H
19
12 (Ω)
Φ
1
96 + C‖v∗ − v˜∗‖
H
19
12 (Ω)
Φ−
15
32
· 1
3
+ 1
96
· 2
3
and
(91)
‖vzωθ − v˜zω˜θ‖L2(Ω) ≤ C‖v
z − v˜z‖L6(Ω)‖ω
θ‖L3(Ω) + C‖v˜
z‖L6(Ω)‖ω
θ − ω˜θ‖L3(Ω)
≤C‖v∗ − v˜∗‖
H
19
12 (Ω)
(
‖v∗‖
H
19
12 (Ω)
+ ‖v˜∗‖
H
19
12 (Ω)
)
≤ C‖v∗ − v˜∗‖
H
19
12 (Ω)
Φ
1
96 .
Similarly, it holds that
(92)
∥∥∥∥vθr vθ − v˜θr v˜θ
∥∥∥∥
L2(Ω)
≤ C‖vθ − v˜θ‖
H
19
12 (Ω)
(
‖vθ‖
H
19
12 (Ω)
+ ‖v˜θ‖
H
19
12 (Ω)
)
≤C‖vθ − v˜θ‖
H
19
12 (Ω)
Φ
1
96 .
Combining the above estimates (90)–(92), it follows from Propositions 3.2–3.3 that one
has
(93)
Φ
1
80‖vr − v˜r‖
H
19
12 (Ω)
≤ CΦ
1
80Φ−
1
40
[
Φ
1
96‖vr − v˜r‖
H
19
12 (Ω)
+ Φ−
43
96
· 1
3‖v∗ − v˜∗‖
H
19
12 (Ω)
+Φ
1
96‖v∗ − v˜∗‖
H
19
12 (Ω)
+ Φ
1
96‖vθ − v˜θ‖
H
19
12 (Ω)
]
and
(94)
‖vz − v˜z‖
H
19
12 (Ω)
≤CΦ
1
96
− 1
80Φ
1
80‖vr − v˜r‖
H
19
12 (Ω)
+ CΦ−
43
96
· 1
3‖v∗ − v˜∗‖
H
19
12 (Ω)
+ CΦ−
1
30Φ
1
96
[
‖v∗ − v˜∗‖
H
19
12 (Ω)
+ ‖vθ − v˜θ‖
H
19
12 (Ω)
]
.
On the other hand, vθ − v˜θ satisfies
U¯(r)∂z(v
θ − v˜θ)−∆(vθ − v˜θ)
=−
(
vr∂rv
θ − v˜r∂rv˜
θ
)
− 2
(
vr
v
θ
r
− v˜r
v˜
θ
r
)
−
(
∂rv
r
v
θ − ∂r v˜
r
v˜
θ
)
− ∂z
(
vzvθ − v˜zv˜θ
)
.
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It follows from Sobolev’s embedding inequalities that one has
(95)
‖vr∂rv
θ − v˜r∂rv˜
θ‖L2(Ω) ≤ ‖v
r − v˜r‖L∞(Ω)‖∂rv
θ‖L2(Ω) + ‖v˜
r‖L∞(Ω)‖∂rv
θ − ∂rv˜
θ‖L2(Ω)
≤CΦ
1
96‖vr − v˜r‖
H
19
12 (Ω)
+ C‖v˜r‖
1
19
L2(Ω)‖v˜
r‖
18
19
H
19
12 (Ω)
‖vθ − v˜θ‖
H
19
12 (Ω)
≤CΦ
1
96
− 1
80Φ
1
80‖vr − v˜r‖
H
19
12 (Ω)
+ CΦ−
15
32
· 1
19Φ
1
96
· 18
19‖vθ − v˜θ‖
H
19
12 (Ω)
.
The similar computations give
(96)
∥∥∥∥vrvθr − v˜r v˜θr
∥∥∥∥
L2(Ω)
≤ CΦ
1
96
− 1
80Φ
1
80‖vr − v˜r‖
H
19
12 (Ω)
+ CΦ−
15
32
· 1
19Φ
1
96
· 18
19‖vθ − v˜θ‖
H
19
12 (Ω)
and
(97)
‖∂rv
r
v
θ − ∂r v˜
r
v˜
θ‖L2(Ω)
≤C‖∂rv
r − ∂rv˜
r‖L2(Ω)‖v
θ‖L∞(Ω) + C‖∂rv˜
r‖L2(Ω)‖v
θ − v˜θ‖L∞(Ω)
≤C‖vr − v˜r‖
H
19
12 (Ω)
‖vθ‖
H
19
12 (Ω)
+ C‖v˜r‖
7
19
L2(Ω)‖v˜
r‖
12
19
H
19
12 (Ω)
‖vθ − v˜θ‖L∞(Ω)
≤CΦ
1
96
− 1
80Φ
1
80‖vr − v˜r‖
H
19
12 (Ω)
+ CΦ−
15
32
· 7
19
+ 1
96
· 12
19‖vθ − v˜θ‖
H
19
12 (Ω)
.
Moreover,
(98)
‖vzvθ − v˜zv˜θ‖L2(Ω) ≤ C‖v
z − v˜z‖
H
19
12 (Ω)
‖vθ‖
H
19
12 (Ω)
+ C‖v˜z‖
H
19
12 (Ω)
‖vθ − v˜θ‖
H
19
12 (Ω)
≤CΦ
1
96
(
‖vz − v˜z‖
H
19
12 (Ω)
+ ‖vθ − v˜θ‖
H
19
12 (Ω)
)
,
and
(99)
‖∂z(v
z
v
θ)− ∂z(v˜
z
v˜
θ)‖L2(Ω)
≤CΦ
1
96
(
‖vz − v˜z‖
H
19
12 (Ω)
+ ‖vθ − v˜θ‖
H
19
12 (Ω)
)
.
Combining the estimates (95)–(99), it follows from Propositions 3.5–3.6 that
(100)
‖vθ − v˜θ‖
H
19
12 (Ω)
≤CΦ
1
96
− 1
80Φ
1
80‖vr − v˜r‖
H
19
12 (Ω)
+ CΦ−
15
32
· 1
19Φ
1
96
· 18
19‖vθ − v˜θ‖
H
19
12 (Ω)
+ CΦ−
101
608 ‖vθ − v˜θ‖
H
19
12 (Ω)
+ CΦ−
17
288
(
‖vz − v˜z‖
H
19
12 (Ω)
+ ‖vθ − v˜θ‖
H
19
12 (Ω)
)
.
Combining the three estimates (93)–(94) and (100) together gives the uniqueness of the
solution when Φ is large enough. Thus the proof of Theorem 1.1 is finished. 
EXISTENCE AND ASYMPTOTIC BEHAVIOR OF LARGE AXISYMMETRIC SOLUTIONS 19
5. Asymptotic Behavior
In this section, we investigate the asymptotic behavior of solutions to (5)–(7) and prove
Theorem 1.2. The proof consists of two steps. In the first step, the asymptotic behavior
of the solution which is a small perturbation of Hagen-Poiseuille flow is established. In the
second step, the smallness requirement is removed since the solution be a small perturbation
of Hagen-Poiseuille flow at far fields when the condition (14) is satisfied.
Before giving the detailed proof of Theorem 1.2, we first state the uniform estimate of ψ
for the linear problem (26)–(29) when f ∈ L2r(D).
Proposition 5.1. Assume that f(r, z) ∈ L2r(D), the solution ψ obtained in Proposition 2.1
belongs to H3∗ (D) and satisfies
(101) ‖v∗‖
H
5
3 (Ω)
≤ C‖f‖L2r(D), ‖v
∗‖H2(Ω) ≤ C(1 + Φ
1
4 )‖f‖L2r(D)
where the constant C is independent of Φ.
Proof. Let F (r, z) = −
∫ 1
r
f(r, z) dz. Hence, f(r, z) = ∂rF (r, z). Moreover, for every (r, z) ∈
D, by Ho¨lder inequality,
|F (r, z)| ≤
(∫ 1
0
|f(s, z)|2s ds
)1
2
| ln r|
1
2 ,
which implies that
‖F‖2L2r(D) ≤ C
∫ +∞
−∞
∫ 1
0
|f |2s ds ·
∫ 1
0
| ln r|r dr ≤ C‖f‖2L2r(D).
This, together with the regularity estimates in Proposition 2.1, finishes the proof of Propo-
sition 5.1. 
The following lemma on the estimate between the stream function and the velocity field
is needed in the proof of Theorem 1.2.
Lemma 5.2. Assume that v∗ = vrer+v
z
ez ∈ H
2(Ω) and v∗ is axisymmetric. Let ψ ∈ H3∗ (D)
be the corresponding stream function of the velocity field v∗. It holds that
(102) ‖Lψ‖L2r(D) + ‖∂
2
zψ‖L2r(D) +
∥∥∥∥1r ∂∂r (rψ)
∥∥∥∥
L2r(D)
+ ‖∂zψ‖L2r(D) + ‖ψ‖L2r(D) ≤ C‖v
∗‖H1(Ω)
and
(103) ‖ψer‖H2(Ω) ≤ C‖v
∗‖H1(Ω).
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Proof. Recall that the stream function ψ of the vector field v∗ satisfies
(104) (L+ ∂2z )ψ = ∂zv
r − ∂rv
z in D.
Multiplying (104) by (L+ ∂2z )ψr and integrating over D, integration by parts gives
(105)
∫ +∞
−∞
∫ 1
0
[
|Lψ|2r + 2|∂r∂z(rψ)|
21
r
+ |∂2zψ|
2r
]
drdz
≤C
∫ +∞
−∞
∫ 1
0
|∂zv
r − ∂rv
z|2r drdz ≤ C‖v∗‖2H1(Ω).
Furthermore, by Lemma A.1 and (105), one has
(106)
∥∥∥∥1r ∂∂r (rψ)
∥∥∥∥
L2r(D)
+ ‖∂zψ‖L2r(D) + ‖ψ‖L2r(D)
≤C‖Lψ‖L2r(D) + C
∥∥∥∥1r ∂2∂r∂z (rψ)
∥∥∥∥
L2r(D)
≤ C‖v∗‖H1(Ω).
The straightforward computations yield{
∆(ψer) = (L+ ∂
2
z )ψer, in Ω,
ψ = 0, on ∂Ω.
It follows from the regularity theory for elliptic equations [8] and (105) that one has
(107) ‖ψer‖H2(Ω) ≤ C‖(L+ ∂
2
z )ψer‖L2(Ω) ≤ C‖v
∗‖H1(Ω).
The proof of Lemma 5.2 is completed. 
Proposition 5.3. Assume that F ∈ L2(Ω), F = F (r, z) is axisymmetric, and u ∈ H2(Ω)
is an axisymmetric solution to the problem (5)–(7). There exist a constant ǫ0, independent
of F and Φ, and a constant α0(≤ 1) depending on Φ, such that if
(108) ‖eα|z|F ‖L2(Ω) < +∞
with some α ∈ (0, α0) and
(109) ‖u− U¯‖
H
5
3 (Ω)
≤ ǫ0,
then the solution u satisfies
(110) ‖eα|z|(u− U¯)‖
H
5
3 (Ω)
≤ C‖eα|z|F ‖L2(Ω).
Here C is a uniform constant independent of F and Φ.
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Proof. Let v = u− U¯ and ψ be the stream function associated with the vector field v. Then
(ψ, vθ) satisfies the problem (67)–(70). Multiplying (67) and (69) by eαz gives
(111)
U¯(r)∂z(L+ ∂
2
z )(e
αzψ)− (L+ ∂2z )
2(eαzψ)
=∂z(e
αzF r)− ∂r(e
αzF z)− ∂r
[
vr(L+ ∂2z )(e
αzψ)
]
− ∂z
[
vz(L+ ∂2z )(e
αzψ)
]
+ ∂z
[
vθ
r
(eαzvθ)
]
+ U¯(r)
[
αL(eαzψ) + α3eαzψ − 3α2∂z(e
αzψ) + 3α∂2z (e
αzψ)
]
− ∂z
[
4α∂2z (e
αzψ)− 6α2∂z(e
αzψ) + 4α3(eαzψ)
]
+ α4eαzψ
−
[
4αL∂z(e
αzψ)− 2α2L(eαzψ)
]
− αeαzF r
+ ∂r
{
vr
[
2α∂z(e
αzψ)− α2eαzψ
]}
+ ∂z
{
vz
[
2α∂z(e
αzψ)− α2eαzψ
]}
+ αvz(L+ ∂2z )(e
αzψ)− αvz
[
2α∂z(e
αzψ)− α2eαzψ
]
− α
vθ
r
(eαzvθ),
and
(112)
U¯(r)∂z(e
αz
v
θ)−∆(eαzvθ) = eαzF θ − (v∗ · ∇)(eαzvθ)−
vr
r
(eαzvθ)
+ U¯(r)αeαzvθ − 2α∂z(e
αz
v
θ) + α2eαzvθ + vzαeαzvθ.
Denote
vrα = ∂z(e
αzψ), vzα = −
∂r(re
αzψ)
r
, v∗α = v
r
αer + v
z
αez, v
θ
α = e
αzvθeθ.
Regarding the terms on the right hand of (111), by Sobolev embedding inequalities and
Lemma 5.2, one has
(113)
‖vr(L+ ∂2z )(e
αzψ)‖L2r(D) ≤ C‖v
r‖L∞(Ω)‖(L+ ∂
2
z )(e
αzψ)‖L2r(D)
≤C‖v‖
H
5
3 (Ω)
‖v∗α‖H1(Ω) ≤ C‖v‖H
5
3 (Ω)
‖v∗α‖H
5
3 (Ω)
and
(114)
‖vz(L+ ∂2z )(e
αzψ)‖L2r(D) ≤ C‖v
z‖L∞(Ω)‖(L+ ∂
2
z )(e
αzψ)‖L2r(D)
≤C‖v‖
H
5
3 (Ω)
‖v∗α‖H1(Ω) ≤ C‖v‖H
5
3 (Ω)
‖v∗α‖H
5
3 (Ω)
.
Similarly, one has
(115)
∥∥∥∥vθr eαzvθ
∥∥∥∥
L2r(D)
≤
∥∥∥∥vθr
∥∥∥∥
L2(Ω)
‖eαzvθ‖L∞(Ω) ≤ C‖v‖
H
5
3 (Ω)
‖vθα‖H
5
3 (Ω)
.
Note that
(116)
‖U¯(r)
[
αL(eαzψ) + α3eαzψ − 3α2∂z(e
αzψ) + 3α∂2z (e
αzψ)
]
‖L2r(D)
≤CΦ|α|‖v∗α‖H1(Ω) ≤ CΦ|α|‖v
∗
α‖H
5
3 (Ω)
.
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and
(117)
‖4α∂2z (e
αzψ)− 6α2∂z(e
αzψ) + 4α3(eαzψ)‖L2r(D) + ‖α
4eαzψ‖L2r(D)
+ ‖4αL(eαzψ)‖L2r(D) + ‖2α
2L(eαzψ)‖L2r(D)
≤C|α|‖v∗α‖H1(Ω) + C|α|‖v
∗
α‖H
5
3 (Ω)
≤ C|α|‖v∗α‖H
5
3 (Ω)
.
Furthermore, it holds that
(118)
‖vr
[
2α∂z(e
αzψ)− α2eαzψ
]
‖L2r(D) + ‖v
z
[
2α∂z(e
αzψ)− α2eαzψ
]
‖L2r(D)
+ ‖αvz(L+ ∂2z )(e
αzψ)− αvz
[
2α∂z(e
αzψ)− α2eαzψ
]
‖L2r(D)
≤C|α|‖vr‖L∞(Ω)‖v
∗
α‖H
5
3 (Ω)
+ C|α|‖v‖
H
5
3 (Ω)
‖v∗α‖H
5
3 (Ω)
≤C|α|‖v‖
H
5
3 (Ω)
‖v∗α‖H
5
3 (Ω)
.
Similar to (115), one has
(119)
∥∥∥∥αvθr (eαzvθ)
∥∥∥∥
L2r(D)
≤ C|α|‖v‖
H
5
3 (Ω)
‖vθα‖H
5
3 (Ω)
.
It follows from the Sobolev embedding inequalities that one has
(120) ‖(v∗ · ∇)(eαzvθ)‖L2(Ω) ≤ C‖v
∗‖L∞(Ω)‖e
αz
v
θ‖H1(Ω) ≤ C‖v‖
H
5
3 (Ω)
‖vθα‖H 53 (Ω)
and
(121)
∥∥∥∥vrr (eαzvθ)
∥∥∥∥
L2(Ω)
≤ C‖∂rv
r + ∂zv
z‖L3(Ω)‖e
αz
v
θ‖L6(Ω) ≤ C‖v‖
H
5
3 (Ω)
‖vθα‖H
5
3 (Ω)
.
Furthermore, it holds that
(122) ‖ − 2α∂z(e
αz
v
θ) + α2eαzvθ‖L2(Ω) ≤ C|α|‖v
θ
α‖H
5
3 (Ω)
and
(123)
‖U¯(r)αeαzvθ‖L2(Ω) + ‖v
zαeαzvθ‖L2(Ω)
≤C|α|Φ‖eαzvθ‖
H
5
3 (Ω)
+ C|α|‖vz‖L∞(Ω)‖e
αz
v
θ‖
H
5
3 (Ω)
≤C|α|
(
Φ+ ‖v‖
H
5
3 (Ω)
)
‖vθα‖H
5
3 (Ω)
.
Hence, collecting the estimates (113)–(123) and applying Propositions 2.1-2.2, Proposition
5.1 yield
(124)
‖v∗α‖H
5
3 (Ω)
+ ‖vθα‖H
5
3 (Ω)
≤C‖eαzF ‖L2(Ω) + C7‖v‖
H
5
3 (Ω)
(
‖v∗α‖H
5
3 (Ω)
+ ‖vθα‖H
5
3 (Ω)
)
+ C8|α|
(
Φ+ 1 + ‖v‖
H
5
3 (Ω)
)(
‖v∗α‖H
5
3 (Ω)
+ ‖vθα‖H
5
3 (Ω)
)
.
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Choose a small constant ǫ0 such that C7ǫ0 ≤
1
4
. If u and α satisfy
‖v‖
H
5
3 (Ω)
= ‖u− U¯‖
H
5
3 (Ω)
≤ ǫ0 and |α| ≤ α0 ≤
1
2C8(1 + Φ + ǫ0)
,
then the inequality (124) implies that
(125) ‖v∗α‖H
5
3 (Ω)
+ ‖vθα‖H
5
3 (Ω)
≤ C‖eαzF ‖L2(Ω).
Note that
eαzvr = ∂z(e
αzψ)− αeαzψ = vrα − αe
αzψ and eαzvz = −
∂r(re
αzψ)
∂r
= vzα.
Decompose eαzv∗ into two parts as follows
eαzv∗ = v∗α − αe
αzψer.
It follows from Lemma 5.2 that one has
(126) ‖eαzψer‖
H
5
3 (Ω)
≤ ‖eαzψer‖H2(Ω) ≤ C‖v
∗
α‖H1(Ω) ≤ C‖v
∗
α‖H
5
3 (Ω)
.
This, together with (125), implies
(127) ‖eαz(u− U¯)‖
H
5
3 (Ω∩{z≥0})
≤ C‖eα|z|F ‖L2(Ω).
Similarly, one has
(128) ‖e−αz(u− U¯)‖
H
5
3 (Ω∩{z≤0})
≤ C‖eα|z|F ‖L2(Ω).
Hence the proof the proof of Proposition 5.3 is completed. 
Next, we remove the smallness requirement for u−U¯ in Proposition 5.3. The key observa-
tion is that ‖u−U¯‖H2(ΩL) with ΩL = B1(0)×(L,∞) is sufficiently small for sufficiently large
L, provided that ‖u− U¯‖H2(Ω) is bounded. This implies that u satisfies the assumptions of
Proposition 5.3 in the domain ΩL, and hence Theorem 1.2 can be proved in the similar way.
Proof of Theorem 1.2. Let v = u− U¯ and ψ be the corresponding stream function. Let L
be a positive constant to be determined. Denote ΩL = B1(0)× (L,+∞). Choose a smooth
cut-off function η(z) satisfying
η(z) =
{
0, z ≤ L,
1, z ≥ L+ 1.
24 YUN WANG AND CHUNJING XIE
Note that (ψ, vθ) is a solution to the problem (67)–(70). Multiplying (67) by η(z) yields
(129)
U¯(r)∂z(L+ ∂
2
z )(ηψ)− (L+ ∂
2
z )
2(ηψ)
=∂z(ηF
r + F˜ r)− ∂r(ηF
z + F˜ z) + f˜ − ∂r
[
vr(L+ ∂2z )(ηψ)
]
− ∂z
[
vr(L+ ∂2z )(ηψ)
]
+ ∂z
[
vθ
r
ηvθ
]
,
where
F˜ r =U¯(r) [2η′(z)∂zψ + η
′′(z)ψ]− 4η′(z)Lψ − 4η′(z)∂2zψ + 2v
zη′(z)∂zψ + v
zη′′(z)ψ,
F˜ z = − [2vrη′(z)∂zψ + v
rη′′(z)ψ] ,
and
f˜ =− η′(z)F r + U¯(r)η′(z)(L+ ∂2z )ψ + 2η
′′(z)Lψ −
[
η(4)(z)ψ + 4η(3)(z)∂zψ + 2η
′′(z)∂2zψ
]
+ vzη′(z)(L + ∂2z )ψ −
vθ
r
η′(z)vθ.
Similarly, one has
(130) U¯(r)∂z(ηv
θ)−∆(ηvθ) = ηF θ + F˜
θ
− (vr∂r + v
z∂z)(ηv
θ)−
vr
r
(ηvθ),
where
F˜
θ
= U¯(r)η′(z)vθ −
[
2η′(z)∂zv
θ + η′′(z)vθ
]
+ vzη′(z)vθ.
Denote
vrα,η = ∂z(e
αzηψ), vzα,η = −
∂r(re
αzηψ)
r
, and v∗α,η = vα,ηer + vα,ηez.
It follows from the same lines as in the proof of Proposition 5.3 that one has
(131)
‖v∗α,η‖H2(Ω) + ‖e
αz(ηvθ)‖H2(Ω)
≤C(1 + Φ
1
4 )(‖eαzηF ‖L2(Ω) + ‖e
αzF˜ r‖L2r(D) + ‖e
αzF˜ z‖L2r(D) + ‖e
αzf˜‖L2r(D))
+ C9(1 + Φ
1
4 )‖v‖
H
5
3 (ΩL)
(
‖v∗α,η‖H2(Ω) + ‖e
αz(ηvθ)‖H2(Ω)
)
+ C10(1 + Φ
1
4 )|α|
(
Φ + 1 + ‖v‖
H
5
3 (ΩL)
) (
‖v∗α,η‖H2(Ω) + ‖e
αz(ηvθ)‖H2(Ω)
)
.
Since ‖v‖
H
5
3 (Ω)
< +∞, there exists an L large enough such that
‖v‖
H
5
3 (ΩL)
≤ min
{
1
4C9(1 + Φ
1
4 )
, 1
}
.
Choose an α0 > 0 small enough such that
C10(1 + Φ
1
4 )(Φ + 2)α0 ≤
1
4
.
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For every α ∈ (0, α0), it holds that
‖v∗α,η‖H2(Ω) + ‖e
αz(ηvθ)‖H2(Ω)
≤C(1 + Φ
1
4 )
(
‖eαzF˜ r‖L2r(D) + ‖e
αzF˜ z‖L2r(D) + ‖e
αzf˜‖L2r(D) + ‖e
αz
F˜
θ
‖L2(Ω)
)
+ C(1 + Φ
1
4 )‖eαzηF ‖L2(Ω).
Note that suppF˜ r, suppF˜ z, suppf˜ , suppF˜
θ
⊆ B21(0)× [L, L+ 1], then
(132) ‖eαzF˜ r‖L2r(D) + ‖e
αzF˜ z‖L2r(D) + ‖e
αzf˜‖L2r(D) + ‖e
αz
F˜
θ
‖L2(Ω) ≤ C(1 + Φ)‖v‖H1(Ω).
Hence, one has
(133) ‖v∗α,η‖H2(Ω) + ‖e
αz(ηvθ)‖H2(Ω) < +∞.
Similar to the proof of Proposition 5.3, one can rewrite eαzηv∗ as follows,
eαzηv∗ = v∗α,η − (αe
αzηψ + eαzη′(z)ψ) er.
Thus it follows from Lemma 5.2 that one has
(134) ‖(αeαzηψ)er‖H2(Ω) + ‖e
αzη′(z)ψer‖H2(Ω) ≤ C‖v
∗
α,η‖H1(Ω) + C‖v‖H1(Ω) < +∞.
This, together with (133), completes the proof of Theorem 1.2. 
Appendix A. Some elementary lemmas
In this appendix, we collect some basic lemmas which play important roles in the paper.
Their proofs can be found in [24, Appendix A], so we omit the details here.
The following lemma is about Poincare´ type inequalities.
Lemma A.1. For a function g ∈ C2([0, 1]) it holds that
(135)
∫ 1
0
|g|2r dr ≤
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr.
If, in addition, g(0) = g(1) = 0, then one has
(136)
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤
(∫ 1
0
|Lg|2r dr
)1
2
(∫ 1
0
|g|2r dr
) 1
2
≤
∫ 1
0
|Lg|2r dr.
The following lemma is a variant of Hardy-Littlewood-Po´lya type inequality [9], which
plays an important role in many estimates in the paper.
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Lemma A.2. Let g ∈ C1([0, 1]) satisfy g(0) = 0, one has
(137)
∫ 1
0
|g(r)|2dr ≤
1
2
∫ 1
0
|g′(r)|2(1− r2) dr,
and
(138)
∫ 1
0
|g|2r dr ≤ C
∫ 1
0
∣∣∣∣d(rg)dr
∣∣∣∣2 1− r2r dr.
The following lemma is about a weighted interpolation inequality, which is quite similar
to [7, (3.28)].
Lemma A.3. Let g ∈ C2[0, 1], then one has
(139)
∫ 1
0
|g|2r dr ≤C
(∫ 1
0
(1− r2)|g|2r dr
) 2
3
(∫ 1
0
1
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
) 1
3
+ C
∫ 1
0
(1− r2)|g|2r dr,
and
(140)
∫ 1
0
∣∣∣∣ ddr (rg)
∣∣∣∣2 1r dr ≤ C
[∫ 1
0
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr
] 2
3
(∫ 1
0
|Lg|2r dr
)1
3
+ C
∫ 1
0
1− r2
r
∣∣∣∣ ddr (rg)
∣∣∣∣2 dr.
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